
-.. .

LA-UR -82-1358
L!i!- mxod+-1

Lm AlamrnNaliormlLmboraloryIS ewmod by Iho IJnlv.fmty d Calilomia@ (haUnllsdSIaIaBDapaflmonlofEfwgyundwCrmlrsclW-7405.ENO.M

LA-UR--82-135C

DEE12 015740

TITLE: STATISTICAL MAGNETOHYDRODYNAM ICS AND REVER5ED-F IELD-PINCH
QUIESCENCE

AUTHOR(SJ: Leaf Turner, CTR-6

SUBMITTEDTO: Proceedings of the Contercnce on New Trt’nd”,in (Inconvcntional
Auproachcs to Maqnetic Fusion (5tockholm, Tw(+d(?n;.IUIICll,-IC’,l’~!:~)
- 10 be pub! i:.t~cdIn !Juclear Instrument:,nnd h4(,tl10d:,

lkWNli3111NDSb.Ala.0s,NewMexico8754g
Los Alamx National Label ator

About This Report
This official electronic version was created by scanning the best available paper or microfiche copy of the original report at a 300 dpi resolution.  Original color illustrations appear as black and white images.

For additional information or comments, contact: 

Library Without Walls Project 
Los Alamos National Laboratory Research Library
Los Alamos, NM 87544 
Phone: (505)667-4448 
E-mail: lwwp@lanl.gov



STATISTICAL MMNETOHYDRODYNAMICS AND REVERSED-FIELD-PINCH QUIESCENCE*

Leaf Turner

Los Alamoe National Laboratory

University of California

Los Alamos, New Mexico 87545 U. S. A.

AbsLract.—

A statistical model of a bounded, incompressible, cylindrical magnetofluid

is presented. This model predicLs the presence of magnetic fluctuations about a

cylindrically-synmetric, Bessel-function-model, menn maunetic field, which

Sfllisfies v % <y = u <p. As 0 + 1.56, the model predicts Lhat Lhe significant

region of the fluctuation epectrum ~nrrows down to a single (coheren~) m = 1

mode. An annlogy hetwi:en Lhe Debye length of an eleclroetntic plasma and U-’

suggests lhe physical -~al.idityof the model’s prediclton of <6~(~)41j(~’)> when
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1. INTRODUCTION

Certain phenomena appear to occur often ir,reversed-field-pinch experiments

such as ZT-40M and HBTX-IA. After en initial turbulent setting-up phase, the

plasma relaxes to a quieter reversed-field configuration, with a O value of

approximately 1.5-1.6 and with low-m modal activity evident. In peripheral

magnetic-field data obtained from HBTX-lA, coherent m = 1 activity is observed

only during quiet periods. 1

A rigorous treatment of lhree-dimensional Lurbulent dynamics of a bounded,

driven, disslpattve plasma $s well tieyond current analytical 6nd numerical

capabilities.

we shall outline in this paper a statistical model of bounded,

three-dimensional, incompressible, ideal magnetohy.lrodynamic turbulence In an

aLLempL Lc explain the salient properties of the relaxed, reversed-field-pinch

co;lFlguraLion. Our Lreatment will ignore the effects of dissipation, and

Lhf,refore will be unable to porLray realiELicnlly the high-wavenumber .9pecLrum

or Lhe equivalent shorL-racge correlations. Our morie12 is rooted in Taylor’s

pioneering work on Lhe reversed-field pinch3 as well RS in our enrl{er

collnboraLiona wiLh MOnLJIOmeKyq nnd ChrisLtnnsen.5

Although Lhi~ paper confineR iLself LO hellrisLic ren~onin~, a m{l(.11

l&ngLhier, maLhwmnLicnlly more rigorous paper is in prepariILton.6

2. THE A1.CORITHM
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an actual solution of these equat%ons, “W Inbtead shall follow a path suggested

originally by Lee.7

We fir8t aecertOin that. ; a:i(t)faci(t) - 0, thereby demonstrating the

validity ok a Liouville theorem in the infinite-dimensional “phase space”

apanned by the linearly independent components of the

Therefore an ensemble of pointe (each point uniquely

configuratio~ of the sysLem) flow8 Inconpreasibly in Lh18

identify the quadratic invariance of the ideal equatione,

spectral coefficients.

spzclfying a unique

“phase apace.” We then

euch as the kinetic

energy and the enetrophy of a two-dimensional, incompressible Euler fluid, or

Lhe total energy, the croes-helicity, and the magaetic helicity of a

three-dimensional, incompressible magnetofluid. i%~tulaLing equnl ~~iori

probability of finding the system in any region of Lhe “phase space” allowed by

the constrainL8 imposed \y the quadrnlic lnvariants, we invoke the machinery of

classical 9Lattstical mechanico to derive the canmical distribution for Lhe

absolute equilibrium ensemble. This dlsLribuLtm is the normaliz.ud

exponenLiaLion of Lhe linenr superpoeiLiGn of Lhe qwidrat!c tnvariafILe, each

with iLH own l.aRrnnRe multiplier (inverse “L~mpeKaLuKe”) and emch expressed in

terms of the specLcnl cOefficienLi3. The menn value of any physicnl qunnL~ty of

Lhe sysLem, which

ensemble-nvera~wd

3. APPLTCATInN TO

is a function of LheRe coefficients, is then aeaumed Lo be the

value,

A TWO-DIMENSIONAL. RULER FLI:ID

We shall. demonHLrnLe Lhu use of nur nlgoriLhm in Lhe COnLeXL of n

uniform-densiLy (Lnken Lo be ~lniLy), Lwo-dlm~nnlonal, ~.urlortic,incmnpresmihle

Eulbr fluid. This fluid is dencriberl by:

V*U = ()
J

tn whivh thu fluid velr)clLy, u(r,L), In {n Lhe x-y plnnw nnd both fL nnd Lhe-.

prusmure, p(~,t), nre funrllonm nt only x nnd y. FlyVifLrle of the periodicily,

Lhv velncily flt~ldhnn the Fn\lrler expnnnfon:



-4-

One readily can demonstrate the conservation of the energy,

c ~ J ,,2d2r
T’

and of all the moments of Lhe vorLicity,

~(n) ~ J ~nj+,

where

(1)

The domain of inLegraLion is Lhe unil p~riodic cell of area, A. One noles that

ikn;-
u(k,L) = .Q.— u(~,t).-.

kk

RerIliLy of Lhe vorlicity reqlltru~ LhaL

(2)ih,t) - ;W,L).
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D~q = expt - f3(i2(2)+ K2E)] = eXp[- fJ@-&)&912],

~

where the inverse “temperatures” aaaociated with the enatrophy and energy are B

and K2B0 respectively, and where the enatrophy and energy have the respective

Fourier expansions:

Using the reality conaition for Lhe vorticity, eq. (2), one can verify that the

menn value of ~(~)~(~’) for this ensemble Is given by:

<;q)dy)> - tik-~t [—
kz

-s - L
20(k2+ K2)

(3)

where the Kronecher delta equals one If ~ + ~’ = 0, and eqlmla zero otherwise.

A cllrect consequence of eqs. (1) and (3) is the autacorrelaLion function of the

VOrLiCity:

If one leLn Lhe periodic cell become nrhitrarily large, thin num appr.’achen Lhe

!.wo-dimwn~fonnl inLegrMl over all k, so Lhat in the lim{l we obtain:



=~d2k (l- ~2—) exp[ik”(r - ~’)]
~2+K2 - -

m ~(z)(r - r’) + iczG(r,r’;K),-- -- (4)

where 6(2J(r - r’) represents the two-dimensional T)iracdelta functiorl. Noting.-

LhaL the Green’s function, - -~(r,r’;~), Is the solul.ion of Lht?differential

equaLton,

(V2 - K2) G(~,r’;tc) = 6(2)Q - ~’)

LhaL vanishes as 1~ - ~’1 + ~, we finally obLaln:

(5)

where KO is the modified Bessel function of the scc~nd kind,O
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lnterpretaLion LhaL Lhe continuous Euler fluid’s mean conflguraLion described by

this equation has a discrete vortex nature.10

If one were LO write down the Lhree-dfmensionzl version of Lhe right-ban<

side of eq. (4), curiously one would obtain the standard Debye-Htickel formula

for Lhe auLocorrelation of the fluctuations of Lhe electron number densiLy in an

infinite, homogeneous, three-dimensional, elecLrosLaLic electron plasma that is

in Lhermal equilihriumll:

<6n(~)6n(~’)> = 6(3)(~ - ~’) -
K2

4nlr - r’1
exp(-Kl~ - ~’1).

.-

In this eqwtion , n(~) represents the elecLron number densiLy and K, Lh& inverse

Dehye leneth. This formula , which is physically valid

inaccurate in iLs shorL-range predictions because

domain, of Lhe weak-coupling approximation usecl in iLFJ

when Is - ~’1 > K-l, IS

of the failure, in Lhis

c!(<ivaLion.

We have IIelabored Lhis discussion in the atLempL LO dellneaLe two points:

(1) Dynamicnl unflersLanding Cf shorL-rang~ cnrrelaLions

(high-wavvnumher specLrum) has no necessary bearfng on Lhe unrlersLanding of

vfLher Lhe longer-range correlations, lr - -1~’1 >K , or, t!quivalenLly, the

low-wavenurnher f?pecLrum,k C K.

(2) The squarcrl lengLh, K-2, is merely Lhe raLto of Lwo inverse

“Lempera:.’.Jrelflf

In summary, de h~lieve that if dls~ipaLlve effecLs are SufftcienLly small,

claK!JicAl StaLi!%Licfll m~chanics of ideal sysLems may provide a rreclthle

npproximaLfnn of hoLh I t.urb~l]enL spec:Lr~im wh~n k < K, nnd a LWO-p(JinL

cnrreliition funcL{nn when IL - ~’1 > K-l. One may not l\eed n prior

undrrsLiinrilllgof Lhc ef!”t,t”Lfiof dlsslpnLlon on the hlRh-wnvenumher region of Lhe

spurlrurn.
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4. APPLICATION TO A THREE-t)IMENSIONALp BOUNDED MAGNETOFLIJID

We now shall apply Lhe algorithm LO a unfform-densiLy, three-dimensional,

incompressible magnetofluid bounded by an Infinitely long,

circular-cross-secLlon9 perfecLIV conducLlng wall, of radius rn, concentric wlLh

the z-axis. An axfal periodiciLy lengLh of L is assumed for Lhe magnetofluld.

In Lhe nexl secLion, this analysis will lead to our finding LhaL Lhe mean

magneLic field, <~>, satisfies the force-free equation:

where B represents Lhe ratio of the inverse “LemptraLure” associated wlLh Lhe

magneLic h%liciLy Lo that associate’] with Lhe energy. The discussion of thjs

secLlon will also prepare UR for the nexL secLion’s Lr&aLmenL of Lhe

auLocorrelaLion tensor of Lhc field fluctuations, <51J(~)6~(~’)>.

The dynamical equations descr{hing Lhe evoluLton of Lhe magneLofluid are:

h
- + V.vv)- -Vp +PO(X - . L(VXE)XQ, -Vov = ();

‘P

aB
-- VX(V XI!), V-13- 0;

T -.

(6a)

(6h)

where Bp is lhe magnetic permeability nf free space and hears no re]aLton Ln ~he

I%w requirxl boundary condlLions are ~“;l
.

parameLer U. E v.nlrr. - = n.
(-)
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There are thr<e quadratic Invariant of ~q~. (6a,b), given the assumed

boundary conditions; namely, the energy:

the cross helicity:

and the magnetic helicity:

(7)

(8)

For a prescribed magnetic field, B(r,t), bearing a conserved axfal magnetic-.

flux, mr02B0, we can specify unfquely Lhe vecLor potential in the Coulomb Rauge

hy Lhe condition that V x 4(r,t) be the prescribed field and that-.

A(r,t) = R& : + y’(~,t),--

where

A’J X;l =0.
rO

(9)

The firsL [(.rm~n Lhe righL-hslde CJf eq. (9) or[ginaLes from the presence of a

net axial magneLic f’.ux;Lhe maRneLtcallv fluxlcss, second Lerm Orig{n/ILeS from

Lhe presence of currenL density in Lhe magneLoflufd. Equations (9) and (10)
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guarantee that Lhe magnetic heliciLy Integral, eq. (8), is a measure of the

knottedness (or self-linka~e) of the magnetic field wiLhin the magneLofluid.5’6

AJ we shall use Lhe orLhonormal seL of fluxless elgenvecLors ofTO expand - ,

the curl operator:

(11)

LhaL satisfy:

gm~n.;l = 0.
r. (12)

~ollowing Chandrasekhar and Kendall, 12 we generate Lhese efgenvectors from Lhe

scalar soluLions, Jm(~lEr)exp[i(mf3 + klz)], of the Helmholtz equation,

‘h’r’ %nRn = (#En -k~)l’2 and kR= 2fl~/L. One can verify Lhat Lhe requf red

eigenvecLOrs are gtven by:

.
where z Is t,~eunit axial vccLor and Nmgn is Lhe normalization cnnsLanL Lhal

guar3nLees:

(14)

Our lnte~raLinn dOln:llflfor Lhe cylinder is always Laken Lo he (1 < 9 < 2n,

0 <z <L, (1 < r g rO. The boundary condilion, eq. (12), which is rtvtally

saLlsfled when m = 1 = 0, vlelds

I
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m(Pmgnro)Jm(~Rnro) + (klro)(~Lnro )J~(~EnrO) = O (15)

V/.lell m2+t2>0. When m and 1 are simultaneously zeTo, ~he condition 01= zero

flux requfres that

Jl(luoontro) = 0. (16)

We then find Lhat ~J(~,t) has the solenoidal expansion:

where the soluLion for L‘En immediately follows from the sol.enoidal constraint ,

V2~mgn(r) = O, regularity al Lhe orig:n, and the boundary condition, eq. (1(J):

cm~wg). -~ [‘mgn%2tn’Jm(%nRnrO)— .—.— -] Im(lkglr)exp[i(me+klz)], L*O;

‘i Im(lkllr~)

iNm~n~20nJ;( l%On1r0) rlmlexp(ime),
~mOn(~) = ————.— m#O;

mrolml-l

Loon(r) = NOon IJ~OnJ~(lVOOnlr~)Z;

where Im represents Lhe modified Rt!sstl Functton of Lhe f!rsL kind. 8 N’altty of

~ demands LhaL cmRp(L) = c~m_~n.

Given Lhis expansion of ~, we shall derive Lh~ expansion of the magnet {C

field, B(r,L), where-.

- + 13JQ,0.13(r,L)= 130z ---
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The total, time-independent,
.

axial magnetic flux of B(r,L) is borne by FIOz. The--

fluxl.esa second componenL, llJ(r,t), arises ocly fro~ the presen e of current--

density in the rnafinetofluid. !& shall suppose thal:

Using eqs. (11) and (14) and lnLegraLing by part~, we find

EquaLton (10) ensures the vanishing of Lhe firsL lnLegral. Ilsing Lhe expansion

of AJ - eq. (17), Lhtsbcwndary condll{on - eq. (!2), and Lhe fluxl~~srwss of th~
m~n~
5- F, we obLnin Lhu reS[llL,dmln(L) “mln(L;” 7)’’s~wt’ uoncl’’de Lhat

In cnnir:lst, one ~hnulcihe cnr~:ful Lo observe LhitLLhw vxpi]ns[nn nf Lhe currenl

densiLy disLrihuLion is nfiL~t.nt’rnllyohLn{nnhle from Lt:rm-hy-Lerm c“llr~!n~nf

the expansion, eq. (18).6

FlyVirLue of our alXorlLhm, Lhr ,!{sLrihuL[nn of nur ahsoluLe t-qufllhri[tm

en~tsmhle 1% proporLinnnl LfIuxp[ - 2UP(W - p K)/r,- llc/T]. For sfmpliritv, we

shall consider only LhtiC3SY T = =, In which Lhe v.lnc[ty depvndt,nt.~-~.nn he

facLor@i nuL ni Lhe diqlrihu(:vn nnd Lht”rsfor,$has nn t*fferL nn mt.nns valIII.snf

f~lnc~innfit.hn~are solelY m:l~nv[lc-firld tit”pt.ndent.U(, ltl(ls nt,t.d Ln t,nnsidt.r

only LIW+di~lrlhuLlnn,
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r~al and I.magf;laryparls bf Lhe specl.ri?lcrkffici=nLs, {Cmti), thaL completely

specify Lhe FdgneLiC fle?d configuration. The mean value of any quanLiLy, ~(~),

is Lhen Laicento be Lhe ensemble-averaged value:

where Lhe “phasd space” inLegrat.lt3nover ~ is defi~kd LO be inL5graLlr)n from --

..? += for each of Lhe linenrlv independent, real and imaginary parLs of Lhe

specLra] coefficients.

Tn cbLain Lhe furlcLional dependence of lleq(~), we merely inserL the

c--pansions, eqs. (9), (17), and 18), inLo Lhe expressions for h’Band K,

t!qs. (7) tfl\and ,,. re9pecLtvely. Using Lhe boundary ~ondfLion on Lhe

cigenvecLors of Lhe curl Opt!raLOr -eq. (12), lhelr fluxlessness, and Lheir

muLunl orLhonormai~Ly - eq. (14), we obt~in:

Hvn{’e, LIItmti[sLrlhuLinn llil~ Lht!fiLrucLure:



and

<6cmgn6c$&n> -
c

2( b&n - Lwmgn)
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(20)

(21)

are the only nonvani~hing mean values both of Lhe coefficenta and of Lhe

quadraLic producLs of the coefficente’ fluclwitions, where:

NOLe LhaL both the inLegrabiliLy of Lhe distrlbuLion func.lon and the poH!LiviLy

of all Lb”,’<16c,,11n[2>requires Lhat IBI be les~ Lhan the sfnalleat potliLive

efgenvalue of the set {~Rn], which we shall call ~in. T.nLhe limit of lnrge

aspect rnLio, L/rO, Taylor has shown LhaL ~.minoccucs aL approximately 3.11/r~

wh&n [ml - 1 and lkllrO ❑ 1.23. ‘l’herelati~~ signs of m, kt and P ar~:governed

by Lhe constraint:

sgn(mkg~) = +. (22)
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(23b)

We nor-e from eqs. (15) and (16) thaL each eigenvalue that occurs in the sum

over t3taLce can be paired off with an oppositely signed counterpart. As a

result, we find Lhat asymptotically, for large KM, each pair contribute a

term in <6K> that la proportional to IJ/~2gn;whereas the corresponding term in

<6WB> is asymptotically con~tant. This behavior of the ~nergy spectrum of the

magnetic fluctuation, characteristic of the FtayleiUh-J~ana ultraviolet

cal.astrophe in a continuous t3yt3Len,,is v;.Listed in a physical plasma by

dlasipaLive effecL8. We thus obLain a heuristic understanding of Lhe enhanced

decay of magneLic energy wiLh respect to the decay of magnetic helicity in a

t.urbulenL, disufpative magnetofl~!id LhaL fn bounded by a perfectly conducting

wall.

Having noLed Lhat the p:esence of the Lwo-dimen~ional Euler fluid energy led

La Lhe nnalogue of an inverse T)ebye lengLh, K, allowing for reasonable specLral

ptedicLinns for k < K, we surmise Lhat the presence of nmgneLlc heltcity tn our

Lhree-dimerlaional rnagnetohyrlrodynamic model muy lend Lo an analogue of the

inver$w Debye lengLh; namely, U. We are thus SuggeMLinR Lhal the idtinl model

may provide a rennonahle description of phyaicnl data taken from

reverued-field-pinch experiments havinR 9uffictenLly low dfs8ipaLion when such

daLa consisL of LWO-pOi::L correlations -1Snltsf :ing Ir - r’1 > p , or. .

equivalently, when such dala refer Lo spucLral modes whone wavenumbers are less

Lhnn or of Lhe order of u.

Finally, one Rhould note from eqs. (23a,h) that whun Iul < Bmf,,and c @ 0,

thtifluclunlion ~pticlrum contnin~ m broad hand of spectral conLrlbutlons.

However an p + Umin and II + 0, much Lhal

lIICJ n{gT)!ftcnnL regfnn of Lhv npwlrurn nmrrows. We find LhnL only one npectral
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mode, the m _ 1 mode that corremponda to the value p = IJmindlscuaeed earlier In

this eectton, yieldfl a finite contribution to both the hellcity and energy of

the magnetic fluctuation. (A similar result occurs if p +- ~in.) In addition,

the energy generally receives a finite contribution emanating from infinitesimal

contributions of a large number of high-wgvenumber modes, the details of which

await an undersLandlng of the dynamical effects of dissipation. If

<610 = ~ir,<6K>, then Lhis high-wavenumber conLrtbuLfon would be absent.

Thts speclral narrowing as both c + O and u + I.Imin(which we shall note in

(e nexL section corresponds to O + 1.56) may be rslated Lo the quiet behavior

aL O s 1.5-].6 observed in the ZT-40M and HBTX-lA experiments.

5. THE MEAN FIELD AND THE FIELD-FLUCTUATION AUTOCORRELATIONS

In Lhis section, we shall colstder Lhe effects of the m = g = O modbs alone.

Frcin eq. (20), we obeerve thaL Lheee modee are Lhe only oneB needed for

evaluaLtng th~ mefin value of B. AILhcugh Lhey are insufficient for Lhe complete

evaluaLlon of Lhe nutocorrelation f.ensor, <6B(r)6~(~’ )>, which requires R much--

lel~gLhfer presenLaLton, we shall nevertheless evaluaLe Lhetr conLrihl:Llon L,>

<6~(~)6g(~’)> in order LO demonsLraLe n few of Lhe techniques requir~,d in Lht’

compleLe nnnlvs~...6

n- 1,2, ...,

rn

which hn~ LhF Rolutfonst or~.hon{)rmnlwlLh re~pe!ct [.0J rrlr:

o

.
f J1(pnr)~ + J()(%r)z

{~ (r) - --------.--+-----
rOJO(BnrO)

?

(24)

(25)
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J1(~ro) - 0,

guarantees their fluxle~t!ness.

Using eq~. (16) and (24), we note that ~(~) can be expanded as follows,

usi~g Lhe new notation:

m

where, vf.i~ eq. (20),

(26)

(27)

InserLing eqs. (25) and (27) inlo eq. (26), we conclude thnL the infinite aum

l:~nvergds Lo: 13

‘o[’+:--Jq(~)> - -~ ][agn(v)J1(lulr)fi + Jo(lvlr)~].
1

(2R)
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Recognizlng that Lh(gmean magnetic field for the ensemble digtr:.button

specified by eq. (19) also must be the most probable field, one sees that <~(~)>

must be the solution of the fixed-flux variational problem:

6[WB -vK]-o, flux = ~ro2B0.

This equation is precisely the mathematical formulation of Taylor’s minimum

energy princtple.

me value

c~lculatlono of

now uLil~ze it

auLocorre16tion

of our en,qemhle distrihuLion, eq. (19), is that it permits

expectation values involving higher moments of fielde. We shall

to calculate the m = 1 = O contribution to the field-fluctuation

tenser.

We observe that
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= J1(~r)J1(~r’) ..
Wy~)6y~’)>lm.~mo = ~ I { )ee+L ; {&w)J@@l;;

r02 n-l [Jo(~ro)12 ro2 n-@ [Jo(unro)12

J1(unr)Jo(~r’)s~ + Jo(~r)J1(~r’)~~
~ i. (*-) l––

+E

P; - u’
-}. (29)

ro [Jo(~ro)12

From the observation that each aet of functions, {21/2Je(pnr)/rOJo(pnrO~}

and (21’2J1(pnr)/roJo(pnro) }, provides a complete, orthonormal set of basis

functions, the sum of the first two sums in eq. (29) immediately follows:

c6(r- r’)
(~ - ;;),

2r

wl’ere J is the identity maLrix. Similarly, Lhe third and fourth sums can be

st:en Lo be related to Lhe solutions of the Cret I’S equaLion:

(: .&r& - ~ 6(r - r’)
‘2 + IJ2)Gm(r,r’;p) = - ——— .

r B

wiLh m = 1 and 0, respectively. The denired soluLions arc regular at Lhe

crigin. The firHL mus: v~nlsh n!.Lhe boundary, whvreas Lhe radjal derivaLtve of

Lhe second m\lRLvanish aL Lhe bollnd~ry. Solvinh for G1 lends LO the re8ulL for

the Lhird sum of eq. (29):

cl pro13J~(lulr~)c7r(pr~)2
.—.—.— — .— ~(r,u)~(r’,p) - -–—--–—-— ‘l’p(r)T’B(r’),
4r02.Jo(lplrO) 2r02J1(lplro)
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.
:(r<,lJ) = Jl(l Dlr<)e,

~(r>,v) : [yo(lulro)J 1(lulr~) - Jo(lulro)Y l(lplr>) 16,

J1(IVIY)
~B(r) 5 - i,

(l Plrc)Jo(lplro)

and where r< end r> respectively denote the lesser and greater of r and r’.

After evaluating co, we can perform the fourth summation U? eq. (29) to

obtain

ml(i@*
--- ~(r,p)~(r’,p),

4r02J1(lplrc)

where

.
P(r<,p) E Jo(l~lr<)z,

~(r>,p) : [Jl(lpl ro)l’o(lulr>) - yl(lulr~)Jo( lplr>)l~.

The final ~um cnn be :!nLrAl!Led From Lhe fourLh sum by allowing Lhe curl

oper8Lor to acL nppropriaLely on LIIefourLh Lerm. If we dvfine:
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.
~’(r<.p) - J1(lvlr<)f3t

.
~A(r>.d - [J1(l~lr~)yl (lvlr>) - Y1(lvlro)J1 (l~lr>)]e,

then the final sum i9 zxpresgihle as:

cw(~ro)z sgn(u)

4r~2J1(lulro)

If to Lheee contribut~one to the field-fluctuation autocorrelation tensor are

added the contribut.lonu from Lhe ~2+g2*o states, the complete

auLocorrelal.lon tensor, <5B(r)6~(~’)>, is ottained.6--

6. STRUCTURE OF THE QUIESCENT STATE

We shall analyze som~ properl.ies of the theoretically “quiescent” state that

forms IIS13+ ~inrO/2 CI1.56 and c + O (at Iklro = 1.23), discussed in eec. 4.

we Shall assume chaL L ● +Um~n. We Lhen Lind, in accordance wiLh the relative

sign cOnSlrainL, eq. (22), that

of Lhe curl wiLh

Lerms, (30)

m = 1, kfro * 1.23, iind

When ~- r’, leL IJH consider the properLlen of Lhe firsL ‘.ermof eq. (30),

which In a 3 ~’ ? symmbLric mR!.rlY.:

EqunLton (13) demonslrnLe~ tl”n!., !iI the complex IIlnneo the phaee of Lhe radial



-22-

component of C
-Q

is 8hifted, by u/2 from that of the azimuthal and axial

components. Thus the re, rz, er, and zr-components of this maLrix vanish. The

determinant of Lhis matrix vanisheB because it is equa. to the producl of

l($Q)r12 with a vanishing determinant of a 2 x 2 symmetric submatrix.

Therefore, the three orthogonal, principal axes are orienLed such that o?e is in
,.

the r-direction. The two ,~onvanishil~g eigenvalues, o~e associated with Lhe

radially-directed princiFal axis, define a plane in which the fluctuations

occur. Computationally wfi find that the local normal to this plane is never

more than about 8° from the 10CH1 direction of the mean magnetic field

(evaluaLcd at ~ = 1.56); i.e., the fluctuations conLained in Lhe first term of

eq. (30) are approximately orthogonal to the mean magnetic field.

Altlluugh we do noL generally anticipate valid results for Is - ~’1 i I.I-ldue

to the shorL-range effects of the high-wavenumber conLribuLions, we can suppose

that <6~ = ~in<15K>, which we have seen eliminates these conLrfbuLions from Lhe

quiescenL state. Ttiis narrowing of the specLrum down to a single m = 1 mode

signals the on9et of coherenL m=l activity superimposed on a

cylindrically-symmetric state. This superposition xesults in the helical

force-free state, 3originally dtscrihed by Taylor.

7. STATUS OF THE STATISTICAL MODEL

The maLhemaLical analysis of Lhe coinpleLe auLocorrelaLton LenSOr,

<fi~(~)6B(r’)>, is detailed in ref. 6. We anticipate comparison of Lhis Lensor--

wiLh t!xperimenLal data as well as with data extracted from c.ompuLer sim~l]aLion6

of Lhe dynamics of a hounded, three-dimensional magnetofluirl.

‘& gruLefully acknowledge Lhe SLro~g inLeresL and kind supporL of Don

A. Raker, in addiLion Lo Lhe many useful conversaLtons wiLh him, Throughout Lhe

research period.
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